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Abstract 

We review the status of electric/magnetic duality for free gauge field theories in four 
space-time dimensions with emphasis on Maxwell theory and linearized Einstein gravity. 
Using the theory of vector and tensor spherical harmonics, we provide explicit construc- 
tion of dual photons and gravitons by decomposing the fields into axial and polar config- 
urations with opposite parity and interchanging the two sectors. When the theories are 
defined on AdS^ space-time there are boundary manifestations of the duality, which for 
the case of gravity account for the energy- momentum/Cotton tensor duality (also known 
as dual graviton correspondence). For AdS^ black- hole backgrounds there is no direct 
analogue of gravitational duality on the bulk, but there is still a boundary duality for 
quasi-normal modes satisfying a selected set of boundary conditions. Possible extensions 
of this framework and some open questions are also briefly discussed. 
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1 Introduction 



Electric/magnetic duality has been the cornerstone for many developments in theoretical 
and mathematical physics in the past fifteen years. It has its roots in Dirac's original 
work on electromagnetism, but it certainly goes well beyond it in many ways. In recent 
years it has also been generalized to other free gauge field theories including linearized 
gravity in four space-time dimensions. Some implications of electric/magnetic duality 
have also been studied in the context of AdS^/CFT^ correspondence, while several other 
ideas related to duality in gravitational theories are still waiting to find their proper place 
in this framework and (hopefully) turn into powerful tools. 

The purpose of these lecture notes is to review the basic elements of duality in elec- 
tromagnetism and gravity and resolve the non-local relations that define the dual field 
variables in terms of the original ones. This is practically achieved by employing group 
theory techniques for solving wave equations on spherically symmetric backgrounds. The 
main emphasis here is on the methods that lead to the resolution of dualities, whereas 
the actual details of the calculations are omitted in some cases to avoid lengthy formu- 
lae; the interested reader will be referred to the literature for further technicalities. We 
found it rather instructive to present these methods in parallel for Maxwell theory and 
linearized gravity because of the common aspects they share. Our treatment of the prob- 
lem for Maxwell equations is quite elementary, but is not usually found elsewhere. Thus, 
we include it here for completeness and in order to motivate in pedagogical way similar 
constructions for linearized gravity. As application of all these results, we discuss the 
boundary manifestation of electric/magnetic duality for theories defined on AdS4^ space- 
time and explain, in particular, how the dual graviton correspondence comes into play 
in holography. Lack of space does not allow us to expand further on these applications; 
here, we only give a fiavor of the additional features one has to account and understand 
better in the context of AdS^/CFT^ correspondence. 

Thus, the material of this contribution is organized as follows. Section 2 provides a 
brief outline of the electric/magnetic duality in Maxwell theory and linearized gravity 
together with the definition of dual photons and gravitons. Section 3 contains some back- 
ground mathematical material from the theory of spherical harmonics, which are used to 
decompose gauge fields as well as metric perturbations into the axial and polar sectors 
with opposite parity. Section 4 makes use of the classical equations of motion, thus re- 
ducing the corresponding wave equations into an effective Schrodinger problem. Then, 
duality is resolved group theoretically by exchanging the axial and polar sectors of the 
theories and leads to explicit construction of the dual photons and gravitons. Section 5 
makes use of holographic renormalization to examine the boundary manifestation of elec- 
tric/magnetic duality on AdS^ space-time for both Maxwell theory and linearized gravity. 
Certain generalizations to AdS^ black-hole backgrounds are also briefly discussed in this 
context. Finally, section 6 contains our conclusions and discusses possible extensions of 
the formalism to address some open problems. 

Further details can be found in the published works [1], [2], and references therein. 
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2 Electric/ magnetic duality 



Free gauge fields in four space-time dimensions exhibit two physical degrees of freedom 
that can be rotated into one another by a canonical transformation mixing the two pairs 
of unconstrained dynamical variables, while keeping the Hamiltonian form-invariant. It is 
a general result that extends the electric/magnetic duality of electromagnetism to other 
physical fields including Einstein gravity. In this section we briefly review the status 
of duality in Maxwell and Einstein theories and provide the definition of dual photons 
and dual gravitons. Their explicit construction will be described in detail in subsequent 
sections. 



2.1 Maxwell theory 

Let us consider the source free Maxwell theory on a fixed (generally curved) space-time 
manifold M4 described in terms of a C/(l) gauge field A^. The field strength is defined 
as usual, 

F^, = V^A, - V,A^ , (2.1) 

and the dual field strength as 

using the covariant fully antisymmetric symbol on M4. 

The field equations and the Bianchi identities assume the familiar form 

V^Fi^" = = V/F^'' (2.3) 

and their role is interchanged under the operation of duality satisfying the identity T*r^ = 
— 1. When expressed in terms of physical fields, 

Ea = Fta , Ba = * Fta (2.4) 

it interchanges electric and magnetic components as follows, 

Ba , Ba^ -Ea , (2.5) 

thus giving rise to the celebrated electric/magnetic duahty of Maxwell theory. 

Then, for a given gauge field A^, the dual configuration A^ is defined by the equations 

*F,,{A) = F,,{A) , (2.6) 
*F^,{A) = -F^,{A) . (2.7) 

A^, which we call it the dual photon, is uniquely defined, up to gauge transformations, 
but it is non-locally related to the original field A^. It is our purpose to provide explicit 
construction of the dual field in a broad class of static spherically symmetric backgrounds 
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M4. It will also prove a useful guide for performing similar constructions in linearized 
gravity around (a more restricted class of) spherically symmetric backgrounds. 

We also note for completeness that one may consider an 5*0(2) rotation of the electric 
and magnetic fields parametrized by an arbitrary angle 6, 



( K\ 



\B'J 



( cos5 sin(5 \ ( Ea\ 



\ — sin5 cos(5 / 



(2.8) 



\Ba) 



thus providing a more general action on the space of solutions of Maxwell theory. 



2.2 Linearized gravity 

For gravity, the electric/magnetic duality is only defined at the linear level by considering 
small perturbations around a reference metric, 

9,. = gj^J + V • (2-9) 

Then, duality is described as a non-local transformation among perturbations of the same 
reference metric 

~9,. = gj^J + V ' (2-10) 

which acts on the space of solutions of vacuum Einstein equation and which can also 
be realized as symmetry of the gravitational action; the duality breaks down at the first 
self-interacting cubic approximation to general relativity, but this will not be relevant to 
the present work. The actual differential equations that define the dual graviton h^^ in 
terms of h^^i, resemble those of Maxwell theory and will be written down shortly. 

We mention right from the beginning that the reference metric gj^J cannot be ar- 
bitrary, and, hence, gravitational duality (as known to this day) is only restricted to 
small perturbations around special backgrounds. These are provided by the metric of 
fiat Minkowski space-time when the cosmological constant A = and by the metric of 
{A)dS4 space-time when A 7^ 0. The reason for it, as will emerge from the formalism, is 
that these special backgrounds are trivially self-dual (in an appropriate sense) and they 
remain inert under duality. Then, one is only left to compare the fluctuations h^^, and 
establish the action of the duality symmetry. 

The electric/magnetic duality of linearized gravity was initially formulated for A = 0, 
but it extends rather easily to vacuum Einstein equations with cosmological constant, 
[3], [1], [5], [6], [7], [8], p. Here, following ref. we formulate directly the problem for 
arbitrary A using the quantity 

Z^upa arises by restricting the Weyl curvature tensor in four space-time dimensions to 
on-shell metrics, and, clearly, it fulfills the identities 

Zp[upa] = , V[xZ^„]pa- = , (2.12) 
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and the on-shell metrics satisfy the equation 



Z^ pipi/ Z 



(2.13) 



which is equivalent to Einstein equations with cosmological constant A, i.e., = A^f^^,. 
One also defines the dual curvature tensor 



1 

— e 



pv ^ nXpa 



(2.14) 



which fulfills similar identities, but with reverse meaning. 

Linearized gravity around g^^} exhibits a duality that exchanges Bianchi identities 
with the classical equations of motion, as in electromagnetism, by letting 



^ pupa 



{g) = Z^yp^{g) , 



{g) 



^ pupa 



(2.15) 
(2.16) 



Actually, at the linear level, it is appropriate to replace the covariant derivatives V 
by ordinary derivatives d and work out the linear differential equations that uniquely 
define h^i, in terms of h^u, up to reparametrizations. This is in exact analogy with 
electromagnetism. 

Also, it is useful to introduce the electric and magnetic components of the Weyl tensor 

as 

Eab = Zatbt , Bab = *Zatbt ■ (2-17) 

Then, the gravitational duality transformation is realized as 



E. 



ab 



B„ 



B, 



ah 



-E, 



ab • 



(2.18) 



The electric and magnetic tensors are represented on shell by 3 x 3 symmetric traceless 
matrices, and, as such, they have five independent components each. Furthermore, the 
background metric g^^^}^ which is used to exhibit duality for the appropriate choice of A, 
is trivially self-dual, since it has Eab = = Bab- 

More generally, as for electromagnetism, one may consider an S0{2) rotation of these 
components parametrized by an arbitrary angle 5, 



( E'^,\ ( cos5 sin5 \ ( Eab\ 



\ B'^f^ J \ -sm6 cos5 J \ Bab j 



(2.19) 



thus providing a more general action on the space of solutions of linearized gravity. 
Details of the proof can be found in the original works (see, in particular, ref. [5] and 

m) 

Our purpose in the sequel is to provide explicit construction of the dual gravitons, in 
analogy with the dual photons, by relying on group theory techniques for solving wave 
equations on spherically symmetric space-times. 
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3 Analysis into spherical harmonics 



We consider static spherically symmetric space-times M4 with local coordinates (t, r, 6', 0) 
and line element 

ds^ = -f(r)dt^ + TTT + r\de^ + sm^ed(P^) . (3.1) 
f{r) 

Wave equations for physical fields, such as a gauge field satisfying the source-free 
Maxwell equations on M4, and a graviton field hf^^, satisfying the linearized Einstein 
equations for metric perturbations around M4, can be reduced to a radial (effective) 
Schrodinger equation by assuming factorization of their solutions on the {t, r) and {6, (p) 
coordinates. In this section, we present the background mathematical material to achieve 
this purpose for fields defined on M4. 



3.1 Generalities 

The dependence of fields upon 9 and is solely described by group theory using spherical 
harmonics and generalizations thereof. In particular, one should consider the theory of 
spherical harmonics for vector and tensor fields, generalizing the usual spherical harmon- 
ics Yi"^{6,(j)) for scalar fields, to higher rank configurations. 

The spherical symmetry of M4 allows angular momentum to be defined and investi- 
gated by studying rotations on the two-dimensional manifold having t = constant and 
r = constant. Thus, to set up the notation, we consider the sphere 5*^ with local coordi- 
nates (6, 6) and metric tensor 



(I \ 



V sin^^ / 



(3.2) 



We also define the covariant fully antisymmetric symbol on S"^ with non-vanishing com- 
ponents 

^0^ = -e<^^ = -1- . (3.3) 
smfc* 

Under rigid rotations around the origin, the various components of physical fields 
defined on M4 are decomposed into spherical harmonics by viewing them as covariant 
quantities on the sphere S*^. Then, the theory of generalized spherical harmonics (see, for 
instance, ref. [9j, [lOj and the review article [H]) can be tabulated as follows, for scalar, 
vector and rank-two tensor fields defined on 5*^, all having definite parity: 

Scalar : They are simply described by ordinary spherical harmonics with / = 0, 1, 2, ■ ■ ■ 
and —l<m<l, 

Yl^ , with parity (-1)' . (3.4) 
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Vectors : There are two different type of vector spherical harmonics with opposite 
parity, namely 

= d,Yr , with parity (-1)', (3.5) 

= ^i'djYr , with parity (-1)^+^ . (3.6) 

Rank-two tensors : In this case there are three different type of tensor spherical har- 
monics with the following parities, 

i^Th = ^i^jYr , with parity (-1)' , (3.7) 
($rk = l^Jyr, with parity (-1)' , (3.8) 

(Xrh = lle^'mkJ + eJ'mk^], with parity (-1)'+^ (3.9) 

In the examples of gauge fields A^, and rank-two tensor fields hf^^, on M4 that will be 
considered below in detail, all scalar, vector and tensor harmonics come naturally into 
play. In all cases, it is particularly convenient to separate the fields into two distinct 
classes with definite, but opposite parity, since the general configuration is a linear su- 
perposition of them. The polar class corresponds to fields of parity (—1)', whereas the 
axial class to parity (— l)'"*"-*^. They can be though as the "electric" and "magnetic" parts 
of the fields, respectively, due to their parity, and, as such, they provide the right decom- 
position to realize electric- magnetic duality in a natural way. Clearly, this decomposition 
is invariant under rigid rotations, since the parity does not change. 

We also note that the radial equations that result from wave equations in spherically 
symmetric space-times depend only on the angular momentum quantum number / and 
not on m, as in the hydrogen atom. Thus, without loss of generality, we may drop the 
(p dependence by specializing to axisymmctric field configurations with m = 0, so that 
Yi^{9,4>) reduce to P;(cos6'), to simplify the derivation of the radial equations described 
in the subsequent sections. This will be discussed further shortly, following the general 
harmonic decomposition of the fields. 

One may similarly consider the harmonic decomposition of higher rank tensor fields, 
but such generalization will not be in focus in the present work, since we only consider 
the theories of photons and gravitons. 



3.2 Gauge field decomposition 



Under rigid rotations around the origin, the four components of a gauge field on M4 
transform like two scalars At, A,,, and one vector {^Aq, A^, when considered as covariant 
quantities on the sphere S'^ . Thus, it is natural to use a 2 -|- 2 splitting of the space-time 
components of A^^, as 

ls\ 

A^{t,r,QA)= , (3.10) 

\y ) 
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denoting by (S) the scalars and by (V) the vector. Then, any can be decomposed 
into two distinct classes of opposite parity with respect to angular momentum (see, for 
instance, 1121): 



Axial gauge field: For gauge field configurations of parity (—1)'+^ the two scalars 
obviously vanish. 



5-, 



axial 



(3.11) 



and the vector part is dictated by the form of the corresponding vector spherical harmonic 
($J")j, using an arbitrary multiplicative function a{t,r), as 



Kxiai = a{t, r) 



/ \ 

' sine (9(/> \ 



V sin^^ J 



(3.12) 



For axisymmetric configurations, with m = 0, the most general gauge field with parity 
'_]^y+i takes the form 



A 



axial 



/ \ 




V a(^) J 



e-"^'sme df)Pi (cosi 



(3.13) 



by also factorizing the t and r dependence of the function a{t,r). 

Polar gauge field: For gauge field configurations of parity (—1)' the scalar part is 
parametrized in terms of two arbitrary functions C{t,r) and D{t,r) as 

/ C{t,r) \ 



polar 



Y, 



I K^,<r)i 



(3.14) 



*V D{t,r) J 



whereas the vector part is expressed in terms of the corresponding vector spherical har- 
monic as 



Vr 



polar 



b{t,r) 



' de * 



(3.15) 



using an arbitrary function b{t,r). Note, however, that the vector part can always be 
gauged away to zero by the transformation 



A'^ = A^ + d^e 
choosing, in particular, the parameter 

e = -b{r,t)Yr{e,<j>) . 



(3.16) 



(3.17) 
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Thus, only the scalar part is non-vanishing in this case. 

For axisymmetric configurations, with m = 0, the most general gauge field with parity 
(— 1)' takes the form 

I C{r) \ 
D{r) 




^polar 



Pi{cos6 



(3.18) 



V / 

by also factorizing the t and r dependence of the functions C{t, r) and D{t, r). 

In the sequel, we assume without lose of generality that the gauge fields are 
decomposed invariantly into axial and polar parts given by the axisymmetric expressions 
fl3.13p and fl3.18p . The equations for the corresponding radial functions a(r) and C(r), 
D{r) follow from the Maxwell equations in vacuum, as will be seen later. 



3.3 Metric decomposition 



Under rigid rotations around the origin, the ten components of the tensor field h^,^ on 
M4 transform like three scalars hu, htr, h„i two vectors (/ifg, ht^^) and {h^ei hr^f,), and a 
rank-two tensor (accounting for the remaining components), when considered as covariant 
quantities on the sphere S"^. Thus, it is natural to use a. 2 + 2 splitting of the symmetric 
matrix h^iy into blocks 



h^y(t,r,9, 0) 



f S V\ 



\V T J 



(3.19) 



denoting by (S) the scalars by (V) the vectors and by (T) the tensor, whereas V denotes 
the transpose of the 2x2 matrix V. Then, any hf^^ can be decomposed into two distinct 
classes of opposite parity with respect to angular momentum, 

Axial metric perturbations: For metric perturbations of parity (— l)''^^ the scalar part 
obviously vanishes. 



/O 0\ 



S: 



axial 



(3.20) 



V ; 

The vector part contains two vector spherical harmonics ($™)i with parity (—1)'"*"^, each 
one multiplied with an arbitrary function ho{t,r) and hi{t,r), and takes the form 



axial 



ho{t,r)sin6-^ \ 



/ii(t,r)sin^^ ; 



(3.21) 
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Finally, the tensor part is obtained from the corresponding rank-two tensor spherical 
harmonic {Xp)ij by multiplying it with an arbitrary function h2{t,r), 



cosO d 



^^-sin^^ + cos^f \ 



^^-sin^^^ + cos^4 



\ sine 



-2 (sin^afe - cos^ A) 



(3.22) 



Note, however, that one may employ reparametrizations generated by a vector field 

= V + V^e. + V,e^ , (3.23) 

in order to simplify the expressions. For example, the terms containing second order 
derivatives in 6 and can be gauged away using 



= A(i,r) 0, 0, 



(3.24) 



with appropriately chosen function A(i,r) to also annul h2{t,r); this has exactly the 
same form as an axial gauge field with parity (—1)'"^^. 

For axisymmetric configurations, with m — 0, the general form of metric perturbations 
with parity (—1)'"^^ becomes, after taking into account the freedom of reparametrizations, 

/ ho{r) \ 



axial 
fj,i> 







hi{r) 







e-''^*sine dePi{cose) 



(3.25) 



V /io(r) /ii(r) y 

by also factorizing the t and r dependence of the functions /io(i; f) ^-nd hi{t, r). 

Polar metric perturbations: For metric perturbations of parity (—1)' the scalar part is 
parametrized by 3 arbitrary functions HQ(t,r), Hi(t,r) and H2{t,r), one for each scalar, 

/ f{r)Ho{t,r) H^{t,r) \ 



'polar 



(3.26) 



V H,{t,r) H2{t,r)/fir) J 

The vector part is described by two vector spherical harmonics (^E'™)i of the corresponding 
parity, using two arbitrary multipUcative functions hQ(t,r) and hi{t,r), 



polar 



(3.27) 
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Finally, the tensor part is composed out of two rank-two tensor spherical harmonics 
and of parity (—1)' with arbitrary coefficients G(t,r) and K(t,r), respec- 

tively, and it takes the following form, 



polar 



r^G{t,r) 



92 



- cot^^ 



COt^^r \ 



^ + sin6'cos6'^ 



( 1 



+r^K(t,r) 



\ 



V sin^^ ) 



yrn 



I 



(3.28) 



As before, there is also the freedom of making reparametrizations generated by a 
vector field 

= V + V^e. + V.e^ , (3.29) 

which can be chosen to gauge away the terms containing second derivatives in 6 and (p. 
A particularly useful choice that serves this purpose is provided by 



f d 

= lMo(t,r), Mi(t,r), M(t,r) — , M(t,r) 



d 



(3.30) 



with appropriately chosen functions Mo(t,r), Mi(t,r) and M(t,r) to also annul ho(t,r), 
hi(t, r) and G{t, r); here, has exactly the same form as a polar gauge field with parity 

(-ly. 

For axisymmetric configurations, with m = 0, the general form of metric perturbations 
with parity (—1)^ becomes, after taking into account the freedom of reparametrizations. 



/ f{r)Ho{r) H,{r) 



H,{r) H2{r)/f{r) 



\ 



e-*'^*P,(cos6 



(3.31) 



\ r'^K{r)i^in^d j 

by also factorizing the t and r dependence of the four functions HQ{t, r), Hi{t, r), H2(t, r) 
and K{t, r). 

In the following, we assume without lose of generality that the metric perturbations 
/i^jy are decomposed invariantly into axial and polar parts given by the axisymmetric 
expressions fl3.25p and (13.311) . The equations for the corresponding radial functions ho{r), 
hi{r) and H^lr), Hi{r), H2{r), K{r) follow from the linearized Einstein equations in 
vacuum, as will be seen later. 
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4 Resolving the duality relations 



In this section we impose the field equations and reduce Maxwell theory as well as linear 
gravity to an effective Schrodinger problem, as for all wave equations on spherically sym- 
metric backgrounds (see also ref. [13] for a comprehensive but general discussion). The 
main result that will be described here is the manifestation of electric/magnetic dual- 
ity as axial/polar interchange among field configurations with opposite parity, following 
pp. This resolves the duality relations and provides explicit construction of the dual 
photons and gravitons, in close analogy to each other, by group theory methods. The 
results follow by direct computation without the need to construct explicit solutions of 
the Schrodinger equation; these solutions will only be presented later in the context of 
holographic computations in AdS^ space-time. 



4.1 Dual photons 

First, it can be shown that Maxwell equations on a spherically symmetric background 
with metric 

dr'^ 

ds^ = -f(r)df + TTT + r\de^ + sm^ed(P^) , (4.1) 
f{r) 

with arbitrary /(r), are reduced to an effective Schrodinger problem. 



-— + /(r)A-^U(r) = .;^v&(r) (4.2) 



with respect to the tortoise radial coordinate r^, which is defined as follows, 

dv 

dr. = j^y (4.3) 

The demonstration will be made separately for the axial and polar sectors using the 
decomposition of the gauge field into spherical harmonics of given parity. The effective 
wave function will also be identified with appropriate gauge invariant components of the 
field Afj^, so that electric/magnetic duality can be readily implemented by exchanging 
axial with polar sectors. This way, the explicit construction of will follow from up 
to gauge transformations. 

Axial sector : Using the form of the gauge potentials (13.131) . let us first compute the 
non-vanishing components of the field strength which take the form 

E^ = -tujai{r)e-'^'sme dePiicosO) , (4.4) 
= a'i{r)e-''^'sme dePiicosO) , (4.5) 
Fg^ = -l{l + l)ai{r)e-''^'sme PiicosO) . (4.6) 

In terms of physical electric and magnetic fields one sees that the axial sector has non- 
vanishing E^, Br and Bg. 
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It follows by straightforward calculation that Maxwell equations V ^F^^ = reduce 
to the Schrodinger equation (14.21) with the identification of wave-function, 

^axiai(r) = ai{r) . (4.7) 

Polar sector : In this case, using the form of the gauge potentials (I3.18p . the non- 
vanishing components of the field strength turn out to be 

Ftr = -{Cl{r)+tujDi{r))e-'-'Pi{cose) , (4.8) 
Fte = -Ci{r)e-'^'dePi{cose) , (4.9) 
Fre = -Di{r)e-'^^'dePi{co^e) . (4.10) 

The non-vanishing components of the physical electric and magnetic fields in the polar 
sector are E^, Eg and B^, which are complementary to those of the axial sector; it will 
shortly be seen that this is not an accident. 

As before. Maxwell equations reduce to the Schrodinger equation (14.21) provided that 
the following identification is made for the wave-function 

^poiar(r) = (C'lir) + iuoDi{r)) . (4.11) 

Actually, it also turns out that the non-trivial components of the polar gauge field (13.181) 
are expressed in terms of the corresponding wave-function as 

Duality relation: It is a simple matter to verify that the two sectors are mutually 
related by electric/magnetic duality, i.e., 

*^axial ^polar 

= (4.15) 

provided that the same boundary conditions are imposed on the axial and polar wave- 
functions so that they are the same (up to an arbitrary factor) and the frequencies uj are 
also the same. With the normalization chosen above, matching is exact for 

^polar = + l)^axial(r) . (4.16) 

Thus, axial/polar interchange provides explicit construction of the dual photons as 
advertised above, 

^axial ^polar yj^polar ^axial 

This result will be used to guide a similar construction for the dual gravitons. 
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4.2 Dual gravitons 

Next, we examine the linearized Einstein equations on a restricted class of spherically 
symmetric backgrounds 

ds^ = -fir)de + -TTT + r^{d9^ + sin'^(i0') , (4.18) 
fij) 

with cosmological constant A and profile function 

/(r) = 1 - f r^ (4.19) 

The field equations SR^^ = ^.h^y can also be reduced to an effective Schrodinger problem 
(see, for instance, [13] and [1]) 

(-^ + /W^)^W=a;^v,(,) (4.20) 

with respect to the tortoise radial coordinate r^. Note that the effective potential is the 
same as in Maxwell theory. 

Axial sector : Using the form of the metric perturbations f l3.25p we find that the field 
equations reduce to the following system of first order differential equations for the two 
unknown radial functions /lo(^) ^^^d hi{r), 

\,r,^,,r,.,m(£.^-^l^^)n,r,^ (4.21, 

ho{r)=^^{fir)h^{r)y . (4.22) 

UJ 

These equations give rise to the effective Schrodinger equation (14.201) with wave-function 

^axiai(r) = ^h{r) . (4.23) 
r 

Clearly, ho{r) is also expressed in terms of \E' axial ('") as 

hoir) = -^{r^..Ur)) . (4.24) 

Polar sector : In this case, the metric perturbations assume the form fl3.3ip . which 
depends on four unknown radial functions Ho^r), Hi{r), H2{r) and K{r). The field 
equations yield the following relation 

Ho{r) = H^ir) , (4.25) 

as well as the system of first order equations 

rK'ir) + ^ - Hoir) - t^l±^H^{r) = , (4.26) 
j[r) Zoor 

{f{r)Ho{r))' - f{r)K'{r) + iuH,{r) = , (4.27) 
{f{r)Hi{r))' + luj {Ho{r) + K{r)) = . (4.28) 
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Furthermore, consistency of the remaining second order field equations requires an alge- 
braic relation among the remaining three functions, 

(/ -!)(/ + 2)Hoir) - — + g + 1)) H,ir) = 

= + 1) - 7^:) (^'^' + 1)) ' (4-29) 

which can be regarded as first integral of the first order system above. 

It can be verified that these coupled differential equations give rise to the same 
Schrodinger problem (14.201) . as before, provided that the effective wave-function is con- 
structed as follows, 

= (/-!)(/ + 2) (^^■f) - ^'^^'<'-)) ■ 

Actually, all radial functions can be written in terms of \l/poiar('") and its derivative, but 
the explicit expressions are more involved now. They read as 

H^ir) ^ -j^^[l+rl^%.Ur), (4.32) 
Kir) = (^ + ^)^Poiar(r). (4.33) 

Duality relation: It is a very lengthy computation to extract the electric and magnetic 
components of the Weyl tensor. The particular expressions in terms of the effective 
wave-functions are rather complicated and will not be included here. However, once 
this is done, it is a simple matter to verify that the two sectors are mutually related by 
electric/magnetic duality, [1], i.e., 

eT' = B:r\ (AM) 

= -ET\ (4.35) 

provided that the same boundary conditions are imposed on the axial and polar wave- 
functions so that they are the same (up to an arbitrary factor) and the frequencies u are 
also the same. Taking into account the normalization above, the formulae match exactly 
provided that 

^'a.ial = y^polar(r) . (4.36) 

Thus, axial/polar interchange provides explicit construction of the dual gravitons, in 
analogy with the construction of dual photons, i.e., 

^axial ^ ^polar ^ ^polar ^ ^a.ial _ (4 37) 
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5 Holographic implications of duality 



As application of these results, we describe the boundary manifestation of electric/magnetic 
duality for Maxwell theory and linearized gravity on AdS^ space-time. Since all fields on 
the bulk are expressed in terms of the wave-function ^(r), their values at the boundary 
follow by expanding ^(r) as r — > oo. Thus, we first briefly discuss the normalizablc 
solution of the Schrodingcr equation and its asymptotic expansion under general bound- 
ary conditions and then use the dictionary of AdS/CFT correspondence to obtain the 
boundary form of duality. We will end this section with a brief discussion of the energy- 
momentum/Cotton tensor duality for AdS4 black- holes. 



5.1 Solving the Schrodinger equation 

The effective Schrodinger equation that governs the axial and polar sectors of both 
Maxwell theory and linearized gravity on AdS4^ space-time simplifies to 

by first expressing r in terms of r^, as given by 



tanh/-^rj -J~r, (5.2) 



and then letting, for convenience. 



Here, x assumes all values from to 7r/2 as r varies from the origin r = to spatial 
inflnity r = oo. 

This problem can be transformed into a hypcrgeometric differential equation, so that 
the normalizablc solution satisfying ^'(0) = at the origin r = is provided by 

"^{x) = cosx sin'+^x F(a, b; c; sin^x) (5.4) 

with coefficients 

+ 2 + b^^{l + 2-Q), c^l + ^. (5.5) 

Zi Zi Zi 

Its behavior at spatial infinity is described by the following asymptotic expansion in 
powers of 1/r, 

*W=^o4 + ^ + | + ^ + -.., (6.6) 
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where the first two coefficient turn out to be 

/o = ^-lQ(/ + 2 + ^]))^-lQ(/ + 2-^])) (5.7) 
h = -2^^-l(i(/ + l + ^]))^-lQ(/ + l-^])) (5.8) 

up to an overall (irrelevant) numerical factor. The remaining coefficients are determined 
by Jo and Ji. 

The boundary conditions at r = oo are solely expressed in terms of Iq and Ji. Since 

I, = v[/(r = 00) , = ^(r = 00) , (5.9) 

it follows that general boundary conditions (also called mixed or Robin) can be expressed 
in terms of the ratio 

^° 7 (5.10) 



h 

for fixed constant 7 that can assume all values, including zero and infinity. Thus, the 
allowed spectrum of frequencies u obeys a transcendental relation given by ratios of 
gamma functions and can only be solved numerical for general values of 7. In all cases, 
however, the frequencies come in pairs {u, —uj), as can be readily seen from the particular 
expressions of /q and Ji in terms of products of gamma functions. Consequently, by 
appropriate superposition of them, real solutions can always be constructed. 

In general, the boundary conditions for the axial and polar sectors of field theories 
on AdS^ space-time can be independent from each other, and so is the spectrum of 
allowed frequencies, whereas the effective Schrodinger equations are the always the same. 
Therefore, the axial and polar problems will be isospectral if and only if both sectors 
satisfy the same boundary conditions. 



5.2 Maxwell theory 

We will be brief here, since the holographic manifestation of electric-magnetic duality 
for Maxwell theory is well studied and generally understood as acting on the space of 
three-dimensional (boundary) conformal field theories with ^7(1) symmetry and a chosen 
coupling to a background gauge field, [Hj (but see also [I5] and references therein). 

In this case, it is more appropriate to define electric and magnetic fields with respect 
to the radial ADM decomposition, 

and consider their boundary values as representing the one-point functions of a global 
symmetry current and the curl of the correspondince source, respectively. The two are 
interchanged by axial/polar duality that now acts naturally on the moduli space of bound- 
ary conformal field theories. 
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5.3 Linearized gravity 



We will compute the energy-momentum tensor using holographic renormalization (see, 
for instance, [iQ\, \i7\ and ^]). For this, we first consider the expression 



^2^{r) . / A / 3 _ 1 



n'T^^l' = Kab - K^ab - 37a6 + [Rabb] - ^Rbbab) (5.12) 

written in terms of the intrinsic and extrinsic curvature of the three-geometry jab that 
appears at fixed r in the radial ADM decomposition of the four- dimensional metric. 
Here, k"^ = 8ttG is the gravitational coupling. Since the metric acquires an infinite Weyl 
factor as r is taken to infinity, it is more appropriate to think of the AdS^ boundary as 
a conformal class of boundaries and define the metric on it, J^, as 

ds'^y = hm f--^7„fedx"dx^') . (5.13) 



r— >oo 



Ar2 

Then, the renormalized energy-momentum tensor on is defined accordingly by 

and it is finite, traceless and conserved. 

When this is applied to linearized gravity in 74^5*4 space-time, one obtains explicit 
expressions for Tab under general boundary conditions. At the same time, the metric on 

which also depends on the boundary conditions, is not conformally flat in general. 
Actually, one may characterize the deviation from the conformally flat case by computing 
the Cotton tensor of the boundary metric, defined as (see, for instance, fl9\ ) 

C"^^ = ^^^J^ {e'^^'VcR'd + e'^'^VcR'^d) , (5.15) 

and obtain explicit expressions for Cab under general boundary conditions. The details of 
the calculations will not be presented here, but will rather state the end result: using the 
electric and magnetic components of the Weyl tensor, which are now taken with respect 
to the radial ADM decomposition, 

^ab Zarbr ; ^ab ^arbr i (5.16) 

the following relation holds true for all boundary conditions, 

jiim rXb) = «'T,b , (5.17) 

liJS. (y ^'^-) = (5.18) 

Then, we have the following relation among the two distinct type of perturbations 
satisfying the same general boundary conditions for ^1/, [1], 

Clt' = '^'T:r\ (5.20) 
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which follow from electric/magnetic duality on the bulk and give rise to the energy- 
momentum/Cotton tensor duality (also known as dual graviton correspondence, |20j . 
[21]); see also ref. [22] for important earlier work on this subject. 



5.4 Extension to AdS^ black-holes 

We end this section with a brief summary of the situation in the presence of black holes 
in AdS4^ space-time having mass m and profile metric function 

fir) = 1 -r\ 5.21 

r 6 

Here, Newton's constant G is normalized to 1 for convenience. In this case there is 
no electric/magnetic duality among metric perturbations in the bulk, but there is still 
an energy-momentum/ Cotton tensor duality at the boundary for appropriately chosen 
boundary conditions, as will be seen shortly. Of course. Maxwell equations on the AdS^ 
Schwarzschild space-time exhibit electric/magnetic duality that simply exchanges axial 
and polar gauge fields, as for all spherically symmetric backgrounds. 

The metric perturbations of AdS4^ Schwarzschild solution can still be separated into 
axial and polar components with opposite parity, as for AdS4^ space-time, based on spher- 
ical symmetry. However, the two sectors do not reduce to the same radial Schrodinger 
problem, but they rather give rise to two closely related equations, [S], [23], [2Sj, 

= cj2^±(r), (5.22) 

as in supersymmetric quantum mechanics (see, for instance, [26]). Here, (— ) refers to 
the axial sector and (+) refers to the polar sector of the theory. More precisely, it turns 
out that 

V^{r) = W^{r) ± + ujI (5.23) 

dr^ 

where the superpotential of the partner potentials is 

W{r) = — ^^II!}^ + (5.24) 

^ ' r[(/ - l)(/ + 2)r + 6m] ^ ' 

with 

u;s = -T7^(/-l)/(/ + l)(/ + 2) . (5.25) 
12m 

The axial and polar Schrodinger problems of black hole perturbations are often referred 

in the literature as Regge- Wheeler and Zerilli equations, respectively, [S]. 

Supersymmetric partner potentials have the same energy spectrum (and, hence, the 
axial and polar perturbations of the metric have the same frequencies lS) provided that 
the corresponding wave-functions satisfy the following first order relations, 

+ W{r)\ ^±(r) = z(cus ± cu)^^(r) . (5.26) 
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Then, it is not appropriate to choose the same boundary conditions for \l/±(r) at r = oo, 
but rather impose supersymmetric partner boundary conditions that satisfy equation 
fl5.26p at r = oo. There is a privileged set of such boundary conditions that yield the 
static (conformally flat) boundary metric 

rfs^ = -dt^ - J (de^ + i^m^dd(f) (5.27) 

for one type of perturbations and a certain time-dependent (non-conformally flat) bound- 
ary metric for the perturbations with opposite parity. In either case one finds that the 
variation of the holographic energy-momentum tensor for black hole perturbations satis- 
fying the boundary condition f l5.27p is given by the Cotton tensor of the supersymmetric 
partner boundary metric, [2j, i.e., 

nHTit' = cr' , ^'sT:r' = cit- . (5.28) 

Thus, although there is no gravitational duality for black hole perturbations, there is still 
a dual graviton correspondence at the boundary in certain cases. The result should be 
contrasted to the energy-momentum/ Cotton tensor duality for perturbed AdS^ space- 
time, which, as described above, is valid for all boundary conditions. 

It is also interesting to note in this context that the special boundary conditions that 
account for the energy-momentum/ Cotton tensor duality for AdS4^ black holes encompass 
the hydrodynamic modes of very large black holes that saturate the KSS bound on the 
ratio of shear viscosity to entropy density. 



(5.29) 

s Air ^ ^ 

Further details on these aspects can be found in the published work [2]. 



6 Conclusions and discussion 



We described the electric/magnetic duality of sourceless Maxwell equations and linearized 
Einstein equations in parallel. Using the theory of vector and tensor spherical harmonics, 
we have provided explicit construction of the dual photon and graviton configurations 
by simply exchanging axial and polar field configurations on spherically symmetric back- 
grounds. We also considered the holographic implications of duality for either Maxwell 
theory or linearized gravity on AdS4 space-time in the context of AdS^/ CFT^ corre- 
spondence. We expect to have similar duality relations for the two-point correlation 
functions of the energy-momentum tensor, as for the one-point functions, but not for 
higher correlators, since gravitational duality is only valid at the linear level. In any 
case, the boundary manifestation of gravitational duality as energy-momentum/ Cotton 
tensor duality should be studied further and also extended to the coupled system of 
Einstein-Maxwell field equations. Generalizations of the duality rotations to higher spin 
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fields were not discussed at all here, but clearly they can also be investigated using similar 
techniques based on generalized spherical harmonics. 

There is a closely related result by Fefferman and Graham, [2H], which can be stated 
as energy-momentum/Cotton tensor self-duality in the context of the holographic man- 
ifestation of gravitational self-duality. In particular, self-dual gravitational (instanton) 
configurations in the bulk satisfying 



have energy-momentum tensor equal to the Cotton tensor of their boundary metric "fab, 



AdS^ space-time satisfies trivially this relation, since both sides of the equation vanish 
identically, whereas perturbations around it are related by duality rotations that account 
for the energy-momentum/Cotton tensor duality at the boundary. Thus, it is conceivable, 
that small perturbations of gravitational instanton configurations will also exhibit duality 
relations (at least to linear order) and furthermore there will be a boundary relation of 
the form H?5Tab = SCab among the perturbations of the holographic energy-momentum 
tensor and the Cotton tensor of the dual perturbed boundary metric. Work in this 
direction is in progress. 

Finally, we end with some ideas about the plausible relevance of 7Y-space for our prob- 
lems. Recall that the ?i-space (also known as heaven) arose in the literature of general 
relativity by considering all shear-free cuts of the complexified future null infinity of an 
asymptotically flat Lorentzian four-manifold satisfying Einstein equations with A = 
(see, for instance, |29] and references therein). In this context, the original surface at 
infinity turns into the conformal infinity of a complex four-manifold with a holomorphic 
metric whose conformal curvature is self-dual. This construction was subsequently ex- 
tended to space-times with a cosmological constant, with the appropriate technical 
ingredients. It may prove useful to reformulate the gravitational duality rotations in 
terms of complex analysis in 7i-space and explore its holographic manifestation (when 
A < 0) using the self-duality of Ti. in the spirit of Fefferman and Graham. The entire 
program of holographic renormalization on AdS^ spaces may very well find a useful place 
in ?-^-space, turning heaven into powerful calculational tool. Work in this direction is 
also in progress. 





K^T„i,(instantons) = Cab{l) ■ 
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